International Journal of Theoretical Physics, Vol. 44, No. 7, July 2005 (© 2005)
DOI: 10.1007/s10773-005-7057-8

Lattice Uniformities on Effect Algebras
Anna Avallone!-? and Paolo Vitolo!

Received August 14, 2004, accepted September 13, 2004

Let L be a lattice ordered effect algebra. We prove that the lattice uniformities on L
which make uniformly continuous the operations © and @ of L are uniquely determined
by their system of neighborhoods of 0 and form a distributive lattice. Moreover we prove
that every such uniformity is generated by a family of weakly subadditive [0, +o00]-
valued functions on L.
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1. INTRODUCTION

Effect algebras have been introduced by Foulis and Bennett (1994) for mod-
eling unsharp measurement in a quantum mechanical system. They are a gener-
alization of many structures which arise in quantum physics (see Beltrametti and
Cassinelli, 1981) and in Mathematical Economics (see Butnariu and Klement,
1993; Epstein and Zhang, 2001), in particular of orthomodular lattices in non-
commutative measure theory and MV-algebras in fuzzy measure theory. After
1994, there have been a great number of papers concerning effect algebras (see
Dvurecenskij and Pulmannov4, 2000, for a bibliography).

In this paper we study D-uniformities on a lattice ordered effect algebra L,
i.e. lattice uniformities on L which make uniformly continuous the operations ©
and @ of L.

The starting point of our paper is observing the key role played by D-
uniformities in the study of modular measures on L (see Avallone, 2001; Avallone
et al.,2003; Avallone and Basile, 2003), since every modular measure on L gener-
ates a D-uniformity. Also of importance is the role played in the study of modular
functions on orthomodular lattices (see Weber, 1995) and of measures on MV-
algebras (see Barbieri and Weber, 1998; Graziano, 2000) by the lattice structure
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of filters which generate lattice uniformities making uniformly continuous the
operations of these structures.

In the first part of the paper, we give a description of the filters which
are systems of neighbourhoods of 0 in D-uniformities on L—called D-filters—
and we prove that there exists an order isomorphism between the lattice of all
D-uniformities on L and the lattice of all D-filters on L. In particular every D-
uniformity is uniquely determined by its system of neighbourhoods of 0. As a
consequence, we obtain that the lattice of all D-uniformities on L is distributive.

Our results extend similar results of Weber (1995) in orthomodular lattices
(see also Avallone and Weber, 1997) and of Barbieri and Weber (1998) and
Graziano (2000) in MV-algebras, and give as particular case the order isomorphism
found in Avallone and Vitolo (2003) between some lattice congruences and some
lattice ideals.

In the second part of the paper, we apply the results of the first part to prove
that every D-uniformity on L is generated by a family of weakly subadditive
[0, +o0]-functions on L.

2. PRELIMINARIES

An effect algebra DvureCenskij and Pulmannova, (2000) is a set E, with two
distinguished elements 0 and 1, and a partially defined operation & such that for
alla,b,c € E:

(E1) If a @ b is defined, then b @ a is definedanda & b = b @ a.

(E2) If b ® cisdefinedand a & (b & c) is defined, thena @& b and (a & b) & ¢
are defined,anda @ (b b c) = (a D b) D c.

(E3) There exists a unique at € E such that a @ a* is defined and a @
at =1.

(E4) If a & 1 is defined, then a = 0.

It is easily seen that a @ 0 is always defined and equals a. If a @ b is defined,
we say that a and b are orthogonal and write a L b.

In an effect algebra E another partially defined operation & can be defined
by the following rule: ¢ © a exists and equals b if and only if a & b exists and
equals c. In particular, a* = 1 © a. Moreover, if a L b, then a @b = (a*+ ©
by- = (bt oa).

In an effect algebra E a partial ordering relation < can be defined as follows:
a < c if and only if, for some b € E, a & b exists and equals c. Hence c © a is
defined if and only if @ < c¢. Moreover a L b if and only if a < bt.

Ifavbanda A bexistforalla, b € E, then we say that E is a lattice ordered
effect algebra (otherwise called D-lattice). In this case, we define the symmetric
difference of any two elements a and bin Easa Ab = (a vV b)© (a A b).
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Throughout the paper, the symbol L will always denote a lattice ordered
effect algebra. Let us recall that L is an MV-algebra if and only if (a Vb)) © b =
a®©(aAb)forall a,b e L, while L is an orthomodular lattice if and only if
at Aa=0foreverya € L.

We will make use of the following properties (for the proofs we refer to
Dvurecenskij and Pulmannové, 2000).

Proposition 2.1. Forall a, b, c € L we have

() Ifa<b,thenbca<bandbsS(b6a)=a.

(i) Ifa<b<c,thencob<c6aand(c6a)S(c6b)=>b6Sa.

(i) Ifa <b<c,thenbSa <cSaand(cSa)oboSa)=cSb.

3iv) If a<b' and a®b<c, then cS@®b)=(cSa)Ob=
(c&b)Sa.

W) Ifa<b<ct thena®b<b®candb®c)S(@®c)=bOa.

i) Ifa<b<c,thena®(cob)y=c6 (b6a).

(vil) Ifa <bt <ct thena®bSc)=@®b)Sc.

(viii) Ifa <cand b <c,then cS@Vvb)=(cSa)A(cEb)and cS (a n
by=(c6a)V(cob).

(x) Ifc<aandc <b,then(aAb)Sc=@Sc)AbDOSc)and(aVv b)o
c=@Bc)viboc).

x) Ifa<ctand b <c*, then (@Vb)®c=@®c)VbDc) and (a A
bydc=@dc)Ab®c).

Let ¢/ be a uniformity on L. We say that U/ is a lattice uniformity Weber
(1991) if the operations Vv and A are uniformly continuous with respect to /.

A D-uniformity (Avallone, 2001) is a lattice uniformity which makes the
operations ¢ and & uniformly continuous, too. The set of all D-uniformities on L
will be denoted by DU(L). It is easy to see that DU(L)—ordered by inclusion—
is a complete lattice, with the discrete uniformity and the trivial uniformity as
greatest and smallest elements, respectively.

Given U,V C L x L, we put

UVvV ={(a Vbi,aVvb):(a,a)ecU, (by,by) eV},
UAV ={(aiAbi,ax ANby):(a,ar) €U, (b1,by) eV},
UeV={@eb.,aaeb):b <a, b <a, (a1,a2) € U, (b1,b) e V}.

It is known (see Weber, 1991) that a uniformity I/ on L is a lattice uniformity
if and only if for every U € U there exists V € U such that Vv A C U and
VAACU,where A={(a,a):aeclL}.
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Similarly, it has been shown in Avallone (2001) that a lattice uniformity &/
on L is a D-uniformity if and only if for every U € U there exists V € U such that
VoAcCcUadAoSV CU.

3. D-UNIFORMITIES AND D-FILTERS

Definition 3.1. A filter F of subsets of a D-lattice L is called a D-filter if it
satisfies the following:

Fl)VFeF 3IAF e€eF: VNa,beF' [alb=—a®belF]
F2)VFeF IGeF: VaeG Vcel (avec)©ceF.

The set of all D-filters on L will be denoted by FND(L).

Note that, by 2.12.1, a filter F satisfies 3.1. if and only if, for every F € F,
there exists G € F such that, foralla € G and all ¢ € L, one has ¢ & (a* A ¢) €
F.

We shall prove, in Theorem 3.4 below, that FAD(L) is isomorphic to DU(L)
and that F is a D-filter if and only if F is the system of neighbourhoods of 0 in a
D-uniformity.

Lemma 3.2. Foreverya,b,c,d € L suchthatc <a,c <b,d>aandd > b
one has (a & c)A(bSc) =alAb = (d 6 a)A(d © D).

Proof: Indeed, applying 2.12.1, and 2.12.1, one gets (¢ ©c)A(bOSc) =
(@ocyviboo)e@eanbec)=~(avb oocl@arboc)=(a
Vv b) © (a A b) = aAb. Similarly, applying 2.12.1, and 2.12.1, one gets (d © a)A
dob)y=(doa)v(dob) o(doca)AN{dob)=(do(aAnb)o

doe@vb) =@Vvb)o(anb)=alb. O

Proposition 3.3. A D-filter F on L has the following properties:

) VFeF I3GeF: NVaeG VbelL [b<a—=—beF]
i) VFeF AGeF: Va,beG avbecF;
(iii)y VFeF IGeF: Vx,y,zeL [xAyeG = (xV2)A(V2)

€Fl;

iv) VFeF IGeF: Vx,y,ze€L [xAyeG = (x A2A(Y AZ)
€ F];

V) VFeF 3IGeF: Vx,y,zeL |[xAyeG, yAze G= xAz €
Fl.

Proof:
(1) Let F € F and let G € F such that 3.1. is satisfied. Given any a € G

andany b € L withb <a,putc=a©b.Thenb=a6 @6 b)=(@V
(aeb)e@eb)y=(vVvc)ScerF.
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(ii) Given F € F, let F’ € F satisfy 3.1., and let G € F satisfy 3.1. with
F’ in place of F.If a,b € G, then (a vV b) © b € F'. Moreover b € F’
by 3.3. Thereforea Vb = ((aVvb)©b)®be F.

(iii) Let F € F and let G € F such that 3.1. is satisfied. Given x, y, z such
that xAy e G,weputa=xAyandc=(x V2O)A (VIS X AY)
and we show that (x vV 2)A(y Vv z) = (a V ¢) & c. First observe that x Vv
yvVz=xVvy Vv(xVzA(Vz) Now,applying 2.12.1 and 2.12.1,
we have:

(xVAYV=xVyvye(xV)A(yVa)
=@ vy)vxvanyva)e(xVva)alyVz)
=(xA) @AY VIx VA V)OS (xV)A(YVI)
=(@@@xAY)V(EDKEAY)NOS (@ AY)
=@V AYS(CcDxAY)=(@Vec)Dec.

(iv) Given F € F, take G € F such that 3.3 is satisfied, and let x, y, z such
that xAy € G. By Lemma 3.2 we have xtAyl =xAy, and there-
fore (x A2D)A(Y AZ) =tV ZHAGT vHt =@t vzHAGt v
) eF.

(v) Given F € F, let F| € F satisfy 3.3, let F, € F satisfy 3.3 with Fj in
place of F, let F3 € F satisfy 3.3 with F; in place of F and let G € F
satisfy 3.3 with F3 inplace of F.Ifa, b, ¢ € L are such that both x Ay and
xAzbelongtoG,thena =(xvyvz)e(Vvy)=((xVxV))HAYV
(yvz)eFsand b=(yVvz)©z=(y VAV € F; also. It fol-
lowsthat (x VyVvz)©z=a®b € F,, so that (x V z) © z € F;. Sim-
ilarly one shows that (x Vz) ©x € F;. Hence xAz=((xV2)©2)V

(xvz)B&x)eF. O
Theorem 3.4.
(a) If U is a D-uniformity, then the filter Fy; of neighbourhoods of 0 in U is
a D-filter.

(b) Let F be a D-filter and, for each F € F, let F* = {(a,b)e L x L :
alAb € F}.Then B = { F® : F € F}isabasefor a D-uniformity whose
filter of neighbourhoods of 0 is F.

(c) The mapping V:U +— Fyy is an order-isomorphism of DU(L) onto
FND(L) (both ordered by inclusion).

Proof:

(a) Since @ is continuous at (0, 0), for every F € Fy, there exists F' € Fyy
such thatif (a,b) € F' x F'anda L b, thena @ b € F. This gives 3.1.
To prove 3.1., let F € Fy and let U € Y with U(0) € F. By uniform
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(b)

(©)
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continuity of © and Vv, there exist V|, V, € U such that Vi © A C U
and V, vV A C Vi. Now put G = V,(0), and consider any a € G. Then
(0, a) € V,,sothatforeveryc € L wehave(c,aVvc)e Vo, VA C Viand
hence (0, (aVc)©c)e Vi © A C U which means that (a V)OS c €
U@©) C F.
Clearly F2 is symmetric and A C F* forevery F € F. Moreover, given
F, Fy € F,let Fy = F; N F,. Then Fy' = F{" N F;". Finally, if F € F
and G € F satisfies 3.33.3, we have that G o G® € F2. Therefore B
is a base for a uniformity .

Now fix U € U. We show that there exists V € U such that both
VvV A and V A A are contained in U. Let G € F satisfy 3.33.3 and
put V. = G*. Given (x,y) € VV A, take a,b,c € L with x =a V c,
y=bVcand(a,b) e V,thatis aAb € G. By 3.33.3, we have xAy =
(@aVc)ADVe) e F, that is (x, y) € F&. We conclude that V; v A C
F2 C U. Since the same G also satisfies 3.33.3 one sees in a simi-
lar way that VA A CF A C U too. Next, we show that there exists
V € U such that both V & A and A & V are contained in U. Choose
F € F such that F2 C U and put V = F“. By Lemma 3.2, one has
FPoA={@6c,bbc):c<a, c<b,ahbeF}={@6c,bo
o):ic<a, c<bh, (a©c)AbOSCc)e F}= F” and similarly one sees
that A© F4 = FA.Hence VOACUandASV C U.

It remains to prove that the filter of neighbourhoods of 0 in U/
coincides with F. First observe that, given any F' € F, we have

FA0)={aeL:(0,a)e FAy={faeL:aN0e F}=F (1)

and therefore F is a neighbourhood of O in U/. Conversely, if G is a
neighbourhood of 0 in U, since B is a base for U/, there exists F € F
such that F2(0) € G. By 1, this means that F C G and hence G € F,
because F is a filter.
It follows from 3.4 that ¥ maps DU(L) into FN'D(L). Now for any F €
FND(L) let ®(F) denote the D-uniformity constructed as in 3.4. Since
Y(O(F)) = F, we have that W is onto. Moreover if F, > € DU(L)
and F| C F», then {F® : F € Fi} C {F”: F € F;} whence ®(F)) C
®(F3). On the other hand, if U, U, € DU(L) and U, C U,, then the
topology induced by U, is coarser than the one induced by i/, hence
W(Uy) € V(h).

Finally we show that & = W1 5o that ¥ is one-to-one. Given
F € FN'D(L), we consider any U € DU(L) such that F = W (/) and
prove that ®(F) =U. If F € F, then it is a neighbourhood of 0,
hence there is U € U such that U(0) € F. By uniform continuity
of A, there exists V e Y with VAA C U. Now let (a,b) € V. We
have (0, aAb) = (ala,bha) € VAA C U, whence aAb € U(0) C F.
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Hence V C F2 and therefore I/ is finer than ®(F). Conversely let U € U.
Consider a symmetric V; € Y with V; oV} C U, and take V,, V3 e U
such that V, VA C Vi and V3 & A C V,. Put F = V3(0), so that F €
F. If (a,b) € F», we have aAb € F, that is (0, aAb) € V3. It fol-
lows that (a Ab,aVv b)=0® (a Ab),(@alAb)®(aAb)eVsdAC
V5, hence (a,avb)={(aAnb)Vva,(avb)yva)e V,vVACYV and,

similarly (b, a v b) € V;. Since V;"' = V; we also have (a vV b, b) € V,
and then (a, b) € V; o V; C U. Therefore F* C U. We conclude that
U C O(F), whence the equality. 0

The reader should note that the above theorem implies, as particular cases, the
results of Barbieri and Weber (1998, Theorem 2.1) and Graziano (2000, Theorem
3.6) for MV-algebras, as well as Weber (1995, Theorem 1.1) for orthomodular
lattices.

From Theorem 3.43.4, by restricting to principal filters, one can deduce the
order isomorphism between D-congruences and D-ideals, which has been found
using a different approach (Avallone and Vitolo, in 2003, Theorem 4.5).

Proposition 3.5. Let F be the filter of neighbourhoods of 0 in a D-uniformity
U.ForeveryF € Flet F® ={(a,b)e LxL:3h,keF:hla, kL1Lb a®
h=bOk}landF°® ={(a,b)e LxL:3i,jeF:i<a, j<b,a®i=bhoO
jY.Thenboth {F® : F € F}and { F® : F € F} are bases for U.

Proof: It suffices to show that, for every F € F, there exist Fy, F, € F such
that F®, F© D F and FY, F{ C F~.

Let Fy € F satisfy 3.33.3. Given (a, b) € F,A, weputh=(aVvb)yba, k=
(avb)ebji=ac@Ab)andj =bOS (aAb).Sinceh <(avb)o(aAnb)=
aAb € F;, we have h € F. In the same way one sees that k, i and j belong to
F, too. Moreover wehavea ®@h=a® ((avb)Sa)=avb=b®d(aVvb)E
b) =b @k, so that (a,b) € F®. Similarly, applying 2.12.1, we have a ©i =
a6@o@Ab)=arb=bo(bBS(@rb)=b6 j, sothat(a,b) € F°.

Now let G € F satisfy 3.33.3, and take F, € F satisfying 3.33.3 with G in
place of F. Given (a, b) € FP®, there are h,k € F> such that A L a, k L b and
a®h=b®k.Sinceavb<@dh)vibbk)=ad®h=>bdk, we get (aV
b)©a <hand(aVvb)ob <k,sothatboth (a vV b) ©aand (a Vv b) © b belong
to G. By 2.12.1, we have aAb = ((a vb)©S a) Vv ((a vV b) © D) hence alb € F,
ie. (a,b) € F~. Similarly, given (a, b) € FP, take i,j € F such that i <a,
j<banda©i=bhO j.Observethata ©i =(a©i)A (O j)<aAb thus,
applying 2.12.1,i =a © (@ ©i) > a & (a A D). It follows thata © (a A b) € G,
and in the same way one sees that b © (a A b) € G, too. By 2.12.1, we have
ahAb =@ @nb)VbS(aAb)hencealb € F,ie.(a,b) € F~. O
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Given F,GCL,wewilllput F®G={f®g:fLlg, feF, geG}.
Using this notation, condition 3.1 may be rewritten as follows: VF € F 3F €
F:F®F CF.

Proposition 3.6.

(a) If F,G € FND(L),then {F ® G : F € F, G € G} is a base for F A
Gin FND(L).

(b) If T C FND(L), then \/ T in FN'D(L) is the set of all intersec-
tions of finite subsets of | JU. In particular Gy vV G, = {G1 NG, : G €
G, G € Gy} forall Gi, Gy € FND(L).

Proof:
(a) First observe that
VFeF YGeG FUGCF®G. 2)

Indeed, since 0 € G,one has F ={f®0: fe F}C{fdg:f L
g, f€F, geG}=F ®G,andsimilarly for G. In particular, all sets
F ® G with F € F and G € G are nonempty. Now, given F; & G|
and F, ® G,, with Fi,Fb e F and G,,G, € G, let F=F NF,
and G=G NG,. Wehave FEG={f®g:fLlg, feF, g€
Gic{fe®g:fLlg, feF,, geG}=F &G, and, similarly,
F®GCF,®G, Hence F®&G C (Fi ® Gy)N(F, ® Gy). There-
fore {F®G:FeF, GeG}isa base for a filter which we denote
by H.

We prove that H is a D-filter. Given any H € H, let F € F
and G € G such that F @& G C H. Take F’, F” € F satisfying 3.1.
and 3.1. respectively, and choose G’, G” € G in a similar way. Clearly
H =F &G and H' = F”" & G” belong to H. We show that H’
satisfies 3.1. and H” satisfies 3.1. (with H in place of F). If @ and
b are orthogonal elements of H’, then a = f1 @ g, and b = f> ® g,
where fi, f» € F/ and g1, g, € G'. Note that f; L f, and g; L g,
hence f=fi® f,eF and g =g, ® g € G. Therefore a ®b =
(i2g)®(L08)=(/1®LH)®(Dg)=f®geF®GCH.
Now let a € H” and c€ L. Let f € F” and g € G” such that
a=f@dg,andputd =(fVve)e f.Wehave f'=(fVec)OSceF
and ¢'=(gvd)edeG. Since gvd=g ®dd and fVvc=
f@®d, applying 2.12.1 and 2.12.1, we obtain (aVc)©Sc=
(avfvoec=(fegVvifvo)ec=(feg Vv
dNec=(fd@EVvd)oc=(f@@gVvd)oc=(fDE ®d)OS
c=((foddghoc=(fvodg)ec=(fvooodg =
ff®g e F®GCH.



Lattice Uniformities on Effect Algebras 801

It follows from 2 that both F and G are finer than . To complete
the proof, consider any D-filter ' such that both F and G are finer than
H’. We show that H' C H. Let H € H. By 3.1, there exists H € H’
such that H' @ H' C H. Since H' € F NG we get H' @ H' € H and
hence H € H, too.

(b) Let F be the set of intersections of finite subsets of | I'. We show that
F is a filter.

Let Fy, F; € F.Onehas F; = (| Fjand F; = () F;, where F; and
JF; are finite subsets of | JT'. If G = F; N F,, then G € F because it is
the intersection of F; U F>, which is again a finite subset of [ JI'. Now
let F € F.Then F =()/_, F;, where F; € G; and G; € I foreach i €
{1,2,...,n}. If G D F,let A=G\ F.Foreachi,onehas G; =AU
F,eG,and(_, G, = (AUF)=AU(_, FF=AUF =G.
Hence G € F.

Now we check properties 3.1 and 3.1. Let F € F. As above,
F =(/_, Fi,with F; € G; € I'.Foreachi,take F/ and G; in G; satisfy-
ing 3.1. and 3.1. respectively (with F; in place of F). Put F' = (/_, F/
and G = (/_, G;. Clearly F’ and G belong to F. We show that F’
satisfies 3.1. and G satisfies 3.1. If @ and b are orthogonal elements
of F’, then for each i € {1,2,...,n} we have a,b € F/ and hence
a® b e F;. Therefore a ® b € F. Similarly, if a € G and ¢ € L, then
foreachi € {1,2,...,n} we have a € G; and hence (a V)& c € F;.
Therefore (a Vc)Sc e F.

Since it is clear that each G € I is contained in F (indeed every G
in G is the intersection of {G}, which a finite subset of | J I'), it remains
to prove that any D-filter which is finer than all filters in I is finer than
F,100. So let G € FN'D(L) such that G C G’ for every G € I'. Given
F € F, one has F = ﬂle F; where F; € G; € T', hence F;, € G, for
eachi € {1,2,...,n}.Since G’ is a filter, we have F € G'. We conclude
that 7 C G’ O

Corollary 3.7. DU(L) and FND(L) are distributive (complete) lattices.

Proof: By Theorem 3.43.4, it is enough to consider FA'D(L). Let Fi, F, and
G be D-filters. We have to verify that (F vV G1) A (FV Go) € F V (G1 A Go).

Given H € (FVG)A(FV G), take Fi, F, € F and G, G, € G with
(FiING)®(F,NGy) CTH.Put F=F, NF,and let F eF satisfying 3.33.3.
We complete the proof by showing that F' N (G ® G,) C(Fi1NG) @ (F,N
G)).

Let a € F'N(G; ® G,). Choose a; € G; and a, € G, such that a =
a1 ®ap.Sincea; <aanda € F',onehasa; € F C F; and hence a; € F; N G;.
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Similarly one sees that a, € F> N G,. Therefore a =a; @ a, € (F1NG) D
(F2N Gy). O

Proposition3.8. IfF,G € FND(L),then{F ANG: F € F, G € G}isabase
for FV G, where FANG={fAg:feF, geG}.

Proof: Given F € FandG € G,since FNG ={aAa:a€e FNG}C{f A
g:feF, geG}=FAQG, it remains to prove that there exist F' € F and
G’ € G such that F' A G’ € FNG. Take F’ € F satisfying 3.33.3, and let G’
be a member of G satisfying 3.33.3 also, but with G in place of F. If f € F'
and g € G', then f A g < f hence f A g € F and, similarly, f A g < g hence
f AgeG.Therefore f Age FNG. O

4. GENERATING D-UNIFORMITIES BY MEANS OF K-SUBMEASURES

Definition 4.1. Let k> 1. We say that a function n: L — [0, +0o0] is a k-
submeasure if the following conditions hold

(S1) n(0) = 0;

(S2) YVa,b e L [a <b=>n(a) < nb);

(S3) Va,be L [a L b= na®b)<kn(a)+ nb));
(S4) Ya,be L n((aV b)ob) <kn(a).

A 1-submeasure is simply called a submeasure.

Observe that, if L is an MV-algebra, then every function n: L — [0, +0o0]
satisfying 4.1, 4.1, and 4.1 with k = 1 is a submeasure.

For every ¢ > 0, put S, = {(x,y) € [0, +00[ X [0, +o0[ : |[x —y| < e} U
{(4-00, +00)}. Then { S, : € > 0} is base for a uniformity S on [0, +-00] whose
relativization to [0, +oo[ is the usual uniformity, while +oo is a uniformly isolated
point. In the sequel we will endow [0, 4+-00] with this uniformity.

Proposition 4.2. For every k-submeasure n there exists a D-uniformity U(n)
which is the weakest D-uniformity making n uniformly continuous.

Proof: For each ¢ >0, let F,={aecL :n(a)<c¢e}. Since F, NF, =
Fiinie, 5,)» the collection { F; : ¢ > 0} is a base for a filter 7. We show that F is
a D-filter. Fix F in F, and take ¢ > 0 with F, C F. Then F' = & satisifies 3.1
and G = F: satisfies 3.1.

From Theorem 3.43.4, the sets F® form a base for a D-uniformity
U(m). Now we show that n is U(n)-uniformly continuous. Let ¢ > 0 and
choose § = 7. For every (a, b) € F(SA, we have n(a v b) = n((aAb) ® (a A b)) <
kn(aAb) + n(a A b) < nla Ab) + kS = n(a A b) + ¢. Thus, if n(a v b) = +o0,
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then n(a A b) = +o00 whence, by monotonicity, n(a) = n(b) = +oo. Otherwise,
again by monotonicity, n(a) and n(b) are both finite, and moreover |n(a) — n(b)| <
[n(a v b) — n(a A b)| < e. Hence, in any case, (n(a), n(b)) € S..

Finally, let V be a D-uniformity on L making n uniformly continuous. We
prove that U(n) <V, which, by Theorem 3.43.4, is equivalent to 7 C G, where G
is the filter of neighbourhoods of 0 in V. Take any F' € F, and choose ¢ > 0 with
F, C F. Since n is continuous at 0 with respect to V, and 1(0) = 0, there is some
G € Gsuchthatif a € G then n(a) < ¢,i.e.a € F,. It follows that G C F, C F,
hence F € G. O

Our aim is to prove a sort of converse of the previous result, namely Theo-
rem 4.4 below.

Proposition 4.3. Let k,m > 1, and d be a pseudometric such that for all a, b,
ceL:

(P1) danc,bAc)<d(a,b)
P2)alc,blc=—=da®c,b®dc)<kd(a,b)
P3) dllave)ee,(bVve)oc) <md(a,b),

P4) d((aVvc)©c,0) <kd(a,O).

For eacha € L, put ij(a) = d(a, 0). Then ij is a k-submeasure and U(i}) coincides
with the uniformity induced by d.

Proof: It is clear that 7j satisfies 4.1. Moreover, if a < b, by 4.3 we have
fila) =d(a,0)=db Ana,0Aa) <db,0)=1) and 4.1 is proved. Now if
a,b € L are orthogonal, then, applying the triangular inequality and 4.3,
we get fjla®b)=da®b,0) <da®b,b)+db,0) <kd(a,0)+d(b,0) =
kij(a) + 7j(b), that is 4.1. Similarly, taking any a, b € L, by 4.3 we get #j((a V
b)yeb)=d((aVvb)oSb,0) <kd(a,0)=kija), thatis 4.1.

Denote by V the uniformity induced by d. The sets V. = {(a,b) € L x L :
d(a, b) < ¢} form abase for V, while the sets F~ = {(a,b) € L x L : filaib) <
¢ } form a base for U(7}), as we have seen in Proposition 4.2. We show that for
every ¢ > 0 there exists 6 > O such that F, BA C V. and Vs C F2. This will prove
that V = U(7).

Take § = ZkLm Given (a, b) € FA, applying 4.3 and 4.3, we have d(a, b) <
dla,anb)y+danb,b)=d((avb)ra,(anb)ANa)+d((aADb)Ab,(aVvb)
ADb) <2d(aVvb,anb)=2d((alb)® (aAb),0® (a Ab)) <2kd(alb,0)=
2kij(aAb) < 2ké < ¢, so that (a, b) € V.. Therefore F(SA C V.

Now let (a,b) € V5. Recall that, by 2.12.1, (aAb)S ((aVvb)©Sa)=
a©(@Ab) and, by 2.12.1, (@&@Ab)ABS(anb))=0. Hence,
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applying first the triangle inequality and then 4.3, 4.3, 4.3 and again 4.3,
we obtain #j(aAb) = d(aAb,0) < d(alAb,(aVv b)Sa)+d{(aVvb)Sa,l)=
di(lavbyea)® (@6 (anb),avb)ea)+dl(avb)a,(aVv a)©a) <
kda ©(a A b),0) + md(a,b) = kd((aS(a@aAb) A(ad (anb)),bS(an
bYAN@S (@Ab)+md(a,b) <kdlacS (aAb),bo (a b)) + md(a,b) <
kmd(a, b) + md(a, b) < (k + 1)mé < ¢ so that (a,b) € FSA. We conclude that
Vs C FA. O

Recall that if G is a topological Abelian group, then a mapping u: L — G is
called a modular measure if the following hold, for alla, b € L:

M) w(a) + u(b) = pla v b) + pu(a A b).
M2) If a L b, then u(a ® b) = ula) + u(b).

Moreover, the sets {(a, b) € L x L : Vr <aAb u(r) € W}, where W is a neigh-
bourhood of 0 in G, form a base for a D-uniformity I/ (see Avallone, 2001, Theorem
3.2). This U is called the D-uniformity generated by ji. Note that, in case w is
positive real-valued (hence in particular a submeasure), U agrees with the {/(u)
constructed in Proposition 2.

Theorem 4.4. Let U be a D-uniformity on L. Then:

(a) For every k > 1 there is a family {i}; },ea of k-submeasures with U =

supU(7j;). Moreover, if U has a countable base, we can choose |A| = 1.
AeA
(b) If U is generated by a modular measure w: L — G, where G is a topo-

logical Abelian group, then there is a family {1}, },ca of submeasures with

U = supU(ijy).-
AEA
(c) If L is an MV-algebra, there is a family {fj;},cn of submeasures with
U = supU(ijy)-
AEA

Proof:

(a) For every a,be L, put f(a,b)=aAb, ga,b)=(@aAb*)®b and
h(a, b) = (a v b) © b. By (Weber, 1993, Prop. 1.1(b)), U has base con-
sisting of sets U such that, for every (a,a’) € U and every b € L,
(f(a,b), f(d,b)=(f(b,a), f(b,a’)) e U. Since g and h are U-
uniformly continuous, from (Weber, 1993, Prop. 1.2) it follows that I is
generated by a family {d; },ca of pseudometrics (a single pseudometric
if A is countable) such that, for every A € A and all a,a’, b, b’ € L:

d}\.(f(a7 b)’ f(a/a b/)) < d)»(a’ a/) + d)»(ba b/)5
di(g(a, b), g@', b)) < k(di(a,a’) +dy(b, b)),
dy(h(a, b), h(a', b)) < k(d,(a,a’) + d,(b, b")).
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(b)

(©

Clearly each d, satisfies 4.3 and 4.3, as well as 4.3 with m =k,
hence also 4.3. Therefore, applying Proposition 4, the conclusion
follows.

Let {ps},ca be a family of group seminorms generating the topology of
G. By (Fleischer and Traynor, 1982, Theorem 3), U is generated by the
family of pseudometrics {d, },ca Where, for every A € A,

di(a, b) = sup{ p,(u(r) — u(s)) :r,s € lanb,a Vv bl}.
Moreover d,, satisifies 4.3 and the following:
Ya,b,ce L d,(aVvec,bvc)<dla,b). 3)

We can complete the proof, applying Proposition 4.3, once we have
shown that each d, satisfies both 4.3 and 4.3 with m = k = 1, hence
also 4.3.

Fix A e A. Given a,b e L, observe first that d,(a,b) =

sup{ pp(u(r)) : r <aAb}. Now let c € L. By Lemma 3.2 we have
((aveyeoAbve)ec)=(aVc)AD V c). Therefore, by 3,d, ((a v
c)6c),(bve)ec)=d(ave,bve) <d(a,b). Finally, if ¢ La
and ¢ L b, then, again by 2, we have (a @ ¢)A(b & ¢) = aAb. Hence
dy(a®c,bdc)=d,(a,b).
Define f, g and h as in the proof of 4. By (Weber, 1993, Prop. 1.5),
since g is associative and distributive with respect to f, the unifor-
mity U has a base consisting of sets U such that, for every (a, a’) €
U and every b € L, (f(a,b), f(d', b)) = (f(b,a), f(b,a")) € U and
(g(a, b), gld', b)) = (g(b,a), g(b,a’)) € U. Moreover h is U-uniformly
continuous, and therefore from (Weber, 1993, Prop. 1.2) it follows that,
for any m > 1, U is generated by a family {d, },ca of pseudometrics (a
single pseudometric if A is countable) such that, for every A € A and all
a,a’,b,b € L:

d}n(f(aa b)7 f(a/v b/)) =< d)u(av a,) + d)u(bv b,)v
d)»(g(as b)s g(d/, b/)) = (d)u(a» Cl/) + dk(b» b/))s
dy.(h(a,b), h(d', b)) < m(d;(a,a’) + d(b, b")).

Clearly each d, satisfies 4.3, 43 with k=1 and 4.3. It re-
mains to show that 4.3 with &k =1 is satisified, too. Let a,c € L.
By4.3,wehave d,((aVvc)oc,0)=d, (a6 (@nc),0)=d((an(ao
(anc),0A(ad(anc)) <dla,0). U

The reader should note that 4.44.4 was already proved in Barbieri and Weber
(1998, Theorem 2.5).



806 Avallone and Vitolo

REFERENCES

Avallone, A. (2001). Lattice uniformities on orthomodular structures. Mathematica Slovaca 51, 403—
419.

Avallone, A., Barbieri, G., and Vitolo, P. (2003). Hahn decomposition of modular measures and
applications. Annal. Soc. Math. Polon. Series 1: Comment Math. XLIII, 149-168.

Avallone, A. and Basile, A. (2003). On a Marinacci uniqueness theorem for measures. Journal of
Mathematical Analysis and Applications 286(2), 378-390.

Avallone, A. and Vitolo, P. (2003). Ideals and congruences of effect algebras. Order 20, 67-77.

Avallone, A. and Weber, H. (1997). Lattice uniformities generated by filters. Journal of Mathematical
Analysis and Applications 209(2), 507-528.

Barbieri, G. and Weber, H. (1998). A topological approach to the study of fuzzy measures. In Functional
Analysis and Economic Theory, Samos, 1996, Springer Verlag, Berlin, pp. 17-46.

Beltrametti, E. G. and Cassinelli, G. (1981). The Logic of Quantum Mechanics, Addison-Wesley,
Reading, MA.

Bennet, M. K. and Foulis, D. J. (1994). Effect algebras and unsharp quantum logics. Foundations of
Physics 24(10), 1331-1352.

Butnariu, D. and Klement, P. (1993). Triangular Norm-based Measures and Games With Fuzzy
Codalitions. Kluwer, Dordrecht.

Dvurecenskij, A. and Pulmannova, S. (2000). New Trends in Quantum Structures. Kluwer, Dordrecht.

Epstein, L. G. and Zhang, J. (2001). Subjective probabilities on subjectively unambiguous events.
Econometrica 69(2), 265-306.

Fleischer, I. and Traynor, T. (1982). Group-valued modular functions. Algebra Universalis 14, 287—
291.

Graziano, M. G. (2000). Uniformities of Fréchet-Nikodym type on Vitali spaces. Semigroup Forum
61(1),91-115.

Weber, H. (1991). Uniform lattices. I: A generalization of topological Riesz spaces and topological
Boolean rings. Annali di Matematica Pura e Applicata (4) 160, 347-370.

Weber, H. (1993). Metrization of uniform lattices. Czechoslovak Mathematical Journal 118, 271-280.

Weber, H. (1995). Lattice uniformities and modular functions on orthomodular lattices. Order 12,
295-305.



